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For J‘.xm” xcos" xdx we have the following :
1. n odd. Strip | sine out and convert rest to
cosines using sin” x = | —cos” x, then use

the substitution u = cosx

2. m odd. Strip | cosine out and convert rest
to sines using cos” x =l —sin” x, then use
the substitution u =sinx.

3. n and m both odd. Use either 1. or 2.

4. n and m both even. Use double angle
and/or half angle formulas to reduce the
integral into a form that can be integrated.

Trig Formulas :

Ex. ‘l.m xsec xdx
Ilun xsec xdx = (lun' xsec” xtan xsec xdx
= “.\'cc x—1)sec” xtan xsec xdy

= “u' —1)u'du

(u=secx)

=TSeC X—ysec x+¢

+e$
ducts and (s¥me) Quotients of Trig Functions

ForJ‘IJn vsec” xdx we have the following :

1. modd. Strip | tangent and | secant out and
convert the rest to secants using
tan” x =sec” x—1, then use the substitution
u=secx

. m even. Strip 2 secants out and convert rest

o

to tangents using sec” x =1+tan” x, then
use the substitution u = tanx.

3. nodd and m even. Use either 1. or 2

4. neven and m odd. Each integral will be
dealt with differently

sin(2x) =2sin(x)cos(x), cos’ (x)=24(1+cos(2x)). sin’ (x)=%(1-cos(2x))

\sinx
dx

(v =cosx)

lu?p du = 7(1—“‘—L ~du

=Lisec” x+ Zln‘cu.\'.\'|f Leos” x+¢
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1. If f(x) is continuous on [a, cc), then

- b
/ f(x) dx = lnn/ f(x) dx
Ja =)

2. If f(x) is continuous on (oo, b ], then

(- .

5
-

3. If f(x) is continuous on (—oc, 00), then

!

/ f(x)dx :/

is any real number.

f(x) dx A/ f(x) dx,

where ¢
| | ] |

5. fondini

1. If f(x) is continuous on (a, b] and discontinuous at a, then

-For

Products rq

b b
/fl\hl\= ]|m/ f(x)dx.

te
: '/‘zt'

- $inmX Sin nx

- Cos en

x

2. If f(x) is continuous on [a, b) and discontinuous at b, then

- /a6

-SinmxCcos n

Y x4 fn(':ﬂ

+ X

b o
/ f(x) dx = ]m))r/fl\'ldx.

3. If f(x) is discontinuous at ¢, where @ < ¢ < b, and conti
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[a,¢) U (c, b], then
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/fnml\ :/ f(x) dx +/](\|(I\.
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Series: Y-, a,

Condition(s) of Convergence:
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(5x)
cos—]:
L3)

1
2

. (57)
Slﬂl TJ:—

For any ordered pair on the unit circle (x,y) : cosf = x and sinf = y

Law of Cosines

a =b"+¢* =2bccosa
b =a* +¢* =2accos B
& =a* +b* —2abcosy
Mollweide’s Formula

¢ sinty

ZE (e 0
Unit Circle . -
Inverse Trig Functions
. Definition Inverse Properties
 Alog) y=sin " x is equivalent tox=siny cos(cos ' (x))=x  cos'(cos(0))=0
S
/ x \ | é# | y=cos 'x isequivalent tox=cosy sin(sm ! (\-)) =x sin’(sin(0))=0
2 N ymtan™ » is canivale =tan v ' :
" \\ ‘' :‘ y=tlan x isecquivalent tox=tan} mn(m" (x))=x tan(1an(0))=0
) w22
- . N Domain and Range )
120 n \ (G Function Domain Range Alternate Notation
- 153 ) e sin'x =aresin x
B 45° ,1-\ - y=sin'x -lgx<l -—-—=<y<
272 ri 2 cos ' x = arccos x
30° y=cos x —l£x<l 0<ys< tan"' x = arctan x
y=tan x - X<W —%<l<§
{-1.0) 0° 0 \u,m
. Law of Sines, Cosines and Tangents
360° 2 | X
£ a
30 41,
- 6 ! / ~.
8, 315° S5 l” 4
. 240° m /7
270° —_—
270 a ‘/JE a h
3x 55
T -7 Law of Sines Law of Tangents
\4 £ sina  sinf8 siny a-b tani(a-p)
(0.-1) i a b ¢ a+b tani(a+p)

b-c tani(f-7y)
b+c tani(B+y)

a-c tani(a-y)
a+c tant(a+y)




Calculus Cheat Sheet
Trig Substitutions : If the integral contains the following root use the given substitution and
formula to convert into an integral involving trig functions.
Nal +b°x = x= %tanﬂ

sec’ §=1+tan’ @

a -b'xy = x= %sinﬁ b -a@ = x= %scc@

tan® @ =sec’ 6 -1

[ eoydo- [

=jllcsc’ df=—12cotf+c

Use Right Triangle Trig to go back to x’s. From

cos” @ =1-sin" 0

16
Ex. j =

x=2%sind = dvr==%cos#dé
Va—9x* =\Ja—4sin® 6 = Jacos* 6 = 2|cos 4|

Recall Vx* =|x|. Because we have an indefinite  Substitution we have sin# == so,

>

Ja-92

integral we'll assume positive and drop absolute
value bars. If we had a definite integral we'd
need to compute #’s and remove absolute value
bars based on that and,

x ifxz0 7
M _xonx From this we see that cotd = ";E . So,
—x ifx<0 o
__Aya-9a?
In this case we have ¥4—-9x" = 2cosé. j,, [i—ox dx= raaat

Partial Fractions : If integrating I%—dx where the degree of P(x) is smaller than the degree of

Q(x). Factor d
the rational expression. Integrate the partial fraction decomposition (P.F.D.). For each factor in the
denominator we get term(s) in the decomposition according to the following table.

as completely as possible and find the partial fraction decomposition of

Factor in Q(x) Term in P.F.D | Factor in Q(x) Term in P.E.D
ax+bh A (mr+h)' _ALJ' 4 ~""'*_A‘_A
i ax+h ) ax+h  (ax+b) (ax+b)
) A+ B - . Ax+B, Ax+B,
ax +hrte ax’ +bx+c¢ (ax N .\‘+() ax’ +bx+c (a.\" +h.\'+c)‘
Txlsl3x Tx3413x _ A BxsC _ A eaieBee Oyix-ly
Ex. .(-\'hl\"'nhdx ur'::.-":.* AT (-t +d)

Set numerators equal and collect like terms.
T +13x =(A+B)x* +(C-B)x+44-C
Set coefficients equal to get a system and solve

to get constants.
A+B=7

A=4

Ifﬁ;ﬁd‘:ld’_‘*mdx

I 4 .-‘~ dx
=4Infx—1|+%In(x* +4)+8tan"' (%)

Here is partial fraction form and recombined.

C-B=13
B=3

44-C=0
Cc=16

An alternate method that sometimes works to find constants. Start with setting numerators equal in
previous example : 7x* +13x = 4( X +4)+(Br+C) (x—1). Chose nice values of x and plug in.
For cxamplc if x —l we get 20=54 whlch gncs A=4. Thls won talways work casnly

Calculus Cheat Sheet

Applications of Integrals

Net Area : J'n f(x)dx represents the net area between f(x) and the

b4
*

x-axis with area above x-axis positive and area below x-axis negative. e

Area Between Curves : The general formulas for the two main cases for each are,

3 d
y=f(x) = A= Tper tmcion] ~[iower mcinaldlr & x= f(y) = A=[" [sign mcton]—[icn smctin] ly

If the curves intersect then the area of each portion must be found individually. Here are some
sketches of a couple possible situations and formulas for a couple of possible cases.

y  y=f(x)

y=g(x)
A=) f(x)-g(x)dr

a=["1(»)-g(y)av

y  y=J(x
N

y=g(x)

AL
A= 1 (x)-g(x)dx+ [ g(x)- 1 (x)dr

Volumes of Revolution : The two main formulas are =J'A(x)d.x and V' =J'A(‘\')dv. Here is

some general information about each method of computing and some examples.

Rings
A= Ir(f....m radius)® = (ner rodima)’ )
Limits: x/y of right/bot ring to x/y of left/top ring
Horz. Axis use f(x),  Vert. Axisuse f(y).

Cylinders
A= 27T (caties | [wisih st

Limits : x/y of inner cyl. to x/y of outer cyl.
Horz. Axisuse f(y),  Vert. Axis use f(x).

g(x). A(x) and dx. g(»).A(y) and dy. g(v).A(y) and dy. g2(x).A(x) and dx.
Ex. Axis: y=a>0 Ex. Axis: y=a<0 Ex. Axis: y=a>0 Ex. Axis: y=a =0
y y (") y

N~ | Ao 7o)
a [ a — *

2(x) = ‘ J
7(x)
x

outer radius :a— f(x)  outer radius: |a|+ g(x)

inner radius : a—g(x)  inner radius:|a|+ £ (x)

radius :a—y
width: f(y)-g(»)

radius :|a|+ y
width: f(y)-g(»)

These are only a few cases for horizontal axis of rotation. If axis of rotation is the x-axis use the
v=a<=0 case with @ =0. For vertical axis of rotation ( x = a > 0 and x = ¢ <0 ) interchange x and

¥ to get appropriate formulas.

T T T T T T T T T
Calmlus Cl\em Sheet

Average Function Value : The average value | —

Work : If a force of F ( x) moves an object
b
of f(x)onasx<bisf,, = ﬁj f(x)dx

b
ina<x<b, the work done is W = I F(x)dx

Arc Length Surface Area : Note that this is often a Cale II topic. The three basic formulas are,
L={'ds

where ds is dependent upon the form of the function bcing worked with as follows.

ds = 1+( ) dx if y=f(x), asx<h s=\’ ( ) dr if x=f(t).y=g(1). a<t<I_
ds=‘/1+(l‘%)l dv if x=f(y), a<y<bh ds=-,’r’+(d—;]: do if r=f(0). a<0<h

With surface area you may have to substitute in for the x or y depending on your choice of ds to
match the differential in the ds. With parametric and polar you will always need to substitute.

» b
SA= [ , 2myds (rotate about x-axis) SA= L 2xxds (rotate about y-axis)

Improper Integral
An improper integral is an integral with one or more infinite limits and/or discontinuous integrands. |
Integral is called convergent if the limit exists and has a finite value and divergent if the limit
doesn’t exist or has infinite value. This is typically a Calc II topic.

Products and (some,

Isin" xcos” xdx

uotients of Trig Functions

1. Ifmis odd. Strip one sine out and convert the remaining sines to cosines using
sin” x =1—cos” x, then use the substitution u = cos x

2. Ifm is odd. Strip one cosine out and convert the remaining cosines to sines
using cos” x =1—sin” x, then use the substitution u =sinx

3. If n and m are both odd. Use cither 1. or 2.

4. If n and m are both even. Use double angle formula for sine and/or half angle
formulas to reduce the integral into a form that can be integrated.

j tan” xsec” x dx

1. Ifmis odd. Strip one tangent and one secant out and convert the remaining
tangents to secants using tan” x = sec’ x—1, then use the substitution u = secx

(5]

. Ifm is even. Strip two secants out and convert the remaining secants to tangents
using sec” x = 1+ tan” x, then use the substitution u = I

tan x

3. Ifnis odd and m is even. Use either 1. or 2.
4. If n is even and m is odd. Each integral w1]l be dealt with differently.

Infinite Limit ! ! ! ! ! ! ! ! ! ! ! ! ! !
. The |ntegra| z T =
J. £ (x)ds = lim f () Ii £ (x)ae= lim [ £ () e | | contains... Corresponding Substitution Useful Identity
. _ ) R - . i b1
3. J . I(.r)d.r—[ . f(,r)«ix-r[ [ (x)dx provided BOTH integrals are convergent. L ) x=asin®, -==<0s—, for le <5 a2 _ a2 sin 29= a2 o 2e I
Discontinuous Integrand 2 2
. 5 N » N 8 N Il —1 T T |
: - 2 . -
1. Discont. ala.j'u f(x)dx lll‘r:?_[f [ (x)dx 2. Discont. at b .“'u S (x)dx ,h.r,n Lf(x)dx a2 +x2 x=atan, - 3 <0< 3 a2 § aZ tan 29= a2 sec2e
3. Discontinuity at a <c<b : r f(x)dxe= j ' _[(.r)dr+r[(x)¢t\— provided both are convergent. | | i
C Test for I I Is: If £(x)2g(x)=00n [a,%) th - 059< florxeg i
omparison Test for Improper Integrals : If f/(x)=g(x)=0on [a,«) then, _
. , B x=asecH, a’sec?0-a’=a’tan?0 |
lfj f(x)dx conv. then [ " g(x)dx conv. 2. 1f[ "g(x)dx divg. then [ f(x)dr dive. T
! ! | —<0<m forx< -a I
Useful fact : If @ > 0 then I Lpdx converges if p>1 and diverges for p<1. 2
a X
Function I I Mac,lla,u,[in selries I i I I Sigma Notation I
Approximating Definite Integrals 1 T+x+x2+x3+a8 +x 4 i =
- = x
For given integral I f(x)dx and a n (must be even for Simpson’s Rule) define Av="% and ik . . . =0
cosx ey T 1 . -y "
divide [a,b] into n subintervals [x,.x,]. [x.x.]. ... [x, .x,] with x, =a and x, =b then, e T Tt Z:.) el
Midpoint Rule : [* £ (x)dx = Ax| £(x)+ £ (x})+-+ £(x])]. 7 is midpoint [x,_,.x] | e T S i,
n
n=0
Trapezoid Rule : j' fl(x m~—[f( v )42 (x) 421 (x,) 4421 (x, )+ £ (x,)] ] In(1+7) x—%x2+§x3—%x4+m Z(_l)nﬂx"
" T T T =
Simpson’s Rule : L f(x)dx= T[f(.\'u)+4]‘(.r,)+2f(.r: J+-+2f(x, . )+4f(x,, )+>/‘(.\'r)] ] sin () X—gxa +mx5 —mx7 iR Z (2(" j-)l)l 2n+1




Basic Series
Infinite Sequence: (s, }

LimivConvergence of a Sequence: lim,, .. s, = L

Infinite Serie: (Partial sums) S, =35, =8, + 83+ -+ 8, + -

Geometric Serie:

.
Yat =S, matartwts o dart! =

k=1
Positive Series

Positive Serie: If all the terms s, are positive.
Integral Test: If f(n) = s,,.

el -
1-r

Comparison Test: 3 an and 3 b, where ax < by (Yk = m)

positive, d

ing: 5. ges <= | f(x)dz converges.

1. If 37 b, converges. so does 3 a,,
2. If Y o, diverges, so does 3. b,

Limit Comparison Test: 3 a,, and 3 b,, such that lim,_, . § exists, - a,, ges = S b,

Convergence
Alternating Sene:

S (-1)"*an =a1 - a2 + a3 —as+as - -

Absolute C

gence: If - Jsn| 15 H

but not absol:

Conditional Convergence: If 37 s, 1s

« < 1: absolutely convergent

Ratio Test: If limy o | %454 =

« 1: (no conclusion)

* > lor +oc: diverges

« < 1: absolutely convergent

Root Test: If limy o /|50 =

« 1: (no conclusion)

* > lor+noc: diverges
Uniform Convergence: If ¥e > (). 3m such that foreach x and every n > m, [, (x) — f(x) <«

Power Series
Power Serie:

nwl

Power Serie About Zero:

=0

Right triangle definition

For this definition we assume that
0<0<§a0"<6<90".

Trig Cheat Sheet
Definition of the Trig Functions

4o
Ean('-c)“=no+ﬂ|(l‘—t)+ﬂg(.‘l'—c)z+u-

4o
za.z"=n.,+a|:+a,r’+-»-

4% Ny
Z uﬂ"ﬂ(, —o
) ’

Unit circle definition
For this definition € is any angle.

hypotenuse
opposite
2]
adjacent
sin@ = opposite mo_hypowmse 1
hyp?lenmc hopposnc 1 ¥
adjacent _ hypotenuse x 1
0 = 0= === =—
cos e sec adj cosf N x  sech T
tang = 2PPOSIE cot§ = 2diacent anf = cotg ==
adjacent opposite x ¥
Facts and Properties
Domain
The domain is all the values of 6 that Period
can be plugged into the function. The period of a function is the number,

sinf , @ can be any angle
cosf, 6 canbe any angle

tanf , Ot(n-r%]x, n=0+1+2 .
csc@, O=xnm, n=0%1£2,...
sech , 0¢(n+%]x, n=0+1%2,...

coth, O#nm, n=0=%1 £2 .

The range is all possible values to get
out of the function.

~1<sin@<1 cscO@21andescO<-1
~1<cosf<1 secf21andsecO< -1
—x <tanf <= —n <coth <=

T,such that f(8+7T)=f(0). So,if ®
is a fixed number and 6 is any angle we

have the following periods.
sin(wf) —
«

cos(wf) — r-2%
2

an(wd) » 1=X
w

csc(wd) > 7=
o

sec(wB) — T-E
2

T

cot(w@) - ==

MacLaurin Serie
If f a function infinitely differentiable.

Taylor's Formula with Remainder
dr* between ¢ and x such that

=, fi&)
=3 506 - ot + k)

R = Ty o

Applications

Application: Showing Function/Taylor-Series Equivalence

Application: Approximating Functions or Integrals

Binomial Serie

4
(e =14+Y"

Common Series

= 2 I
x _ f— ...
e—E o l+:+z!+3!+
o

1

1-z

- e 1 1 1
lu(l+:r)-§(-]] '7-1-513+§2’—zz‘+

X Qyrg2esl PR - |
n'ln:l=2 =L — = =
& @+ 3 5 7

— (=1)"z?" 22 x% %
cosr = + -

n+1 3 T
n'nh:=z(rz—=z+z—+r—s+’_+...

— ™" 2
m:=§—(2n)!=l+—+i+a+-'-

Tangent and Cotangent Identities
sin@ cosf
tanf = —— o0 =——
cosf sinfl
Reciprocal Identities
1 .
ese0=ne sind = o
1 1
Q=— 0 = —
e cosb o8 0
cotf = — tanf = L
ot
Pythagorean Identities
sin“6 +cos’ =1
tan® 0 +1=sec’ 0
1+cot’ 0 =csc’ 0
Even/Odd Formulas
sin(-0)=—sinf csc(—0)=—csch
cos(~0) =cos0 sec(-0) =secO
tan(-0)=—tan@ cot(—0)=—cotd
Periodic Formulas
If n is an integer.

sin(0+2zn) =sin@ csc(0+2xn)=csch
cos(6+2mn)=cost sec(0+2xn)=sech
tan(0+xn)=tan®  cot(0+mn)=cot®
Double Angle Formulas
sin(20) =2sinf cosf
c0s(260) =cos* @ —sin* 0

=2cos’0-1

=1-2sin"0
2tan@
I-tan’ 0

Degrees to Radians Formulas
If x is an angle in degrees and £ is an
angle in radians then

tan(20) =

-~
Zz'=l+:+zz+z"+-~~+
et

Formulas and Identities

< /)
g n!

=
Jlnd) g

lim R, (z) =0

nesdox

Ru(ro) < K

rir—1){r—2)--(r—n+1) "
n! .

tnwl

) T atuTw

LU

24

2

Half Angle Formulas  (alternate form)
) 1—cos o, |
sinZmd— sin® 0 2(1 cos(20))

cosg=t1‘M cos’ 9=]-(I+cos(29))
2 2 2
lanﬂs !I—coso m,o-l—cu 20

2 1+cost

1+cos(20)

Sum and Difference Formulas
sin(a+ ) =sinacos f £ cosasin

cos(a £ )= cosa cos ff Fsinasinf

tan(a £ ) =2natunf

I1F¥tana tan
Product to Sum Formulas

sinasinﬁ-%[cos(a-ﬁ)-cos(a +B)]
cosacos -%[oos(a-ﬁ)i-cos(a +B)]
sina cos =%[sin(a +B)+sin(a-p)]

cosasinf =%[sin(a +B)-sin(a-p)]
Sum to Product Formulas

sina +sin f§ = 2@(#)“{&)
sina —sin f§ = zm(#)sin(" -p)
s sl el 8

cosa—cosff = —2:in(a +p]sin(a -p)
Cofunction Formulas

N

N
(

nn(%-ﬂ)-cmo cot




WHEN IS VALID/TRUE

NOTE THIS IS THE GEOMETRIC SERIES.
JUST THINK OF = AS 1

re(-11)

L4 x4+ 2+ 2%+ 2" + ...

SO:
e=1+1+-2l.+3},-+-‘1.+
e(l?z)=2°°o_%)_ i

n=0

zeR

NOTE ¥ = cos z IS AN EVEN FUNCTION
(LE., cos(—z) = +cos(z)) AND THE
TAYLOR SERIS OF y = €0s T HAS ONLY
EVEN POWERS.

zeR

NOTE y = sinx IS AN ODD FUNCTION

i 2? (LE., sin(-z) = —sin(x)) AND THE
- W + ﬁ o TAYLOR SERIS OF y = sin HAS ONLY
ODD POWERS.

p2n+l

Z( 1 1T} (2,.‘ = Z( D" oy o) z€R

T x_2+£ £+£
2 3 4 5

i(_l)(n—l) In_" or i(—l)"“:—"

n=1 n=1

QUESTION: 1S y = In(l + ) EVEN,
ODD. OR NEITHER?

re(-11]

5
z _ _ QUESTION: IS y = arctan(z) EVEN,
ODD, OR NEITHER?

00 2n—1
_q)in-n X o
()Y I

n=1

ze[-1,1]

Big Questions 3. For what values of x does the power (a.k.a. Taylor) series

>, fm
Pu@) = Z%l - zo)" )
e
converge (usually the Root or Ratio test helps us out with this question). If the power/Taylor series in formula (1)
does indeed converge at a point x, does the series converge to what we would want it to converge to, i.e., does
fl@) = Pu(2)? 2)
Question (2) is going to take some thought.
Definition 4. The N"-order Remainder term for y = flx) at xq is:
Ry(e) = f(@) = Pa(z)
where y = Py(x) is the N*"-order Taylor polynomial for y = f(x) at zp.
So
f(x) = Pn(x)+ Rn(x)
that is
flz) = Pn(x) within an error of Rn(z) .
We often think of all this as:

N i
flx) = z% (z —x0)"

n=0

We would LIKE TO HAVE THAT
2 o~ S () n
fla) = E,T (&~ o)

« a finite sum, the sum stops at N .

« the sum keeps on going and going .
In other notation:

f(z) = Py(x) and the question is f(x) z Py(x)
where y = P (x) is the Taylor series of y = f(x) at :rn
Well, let’s think about what needs to be for f(x) = Pm(a:), i.e., for f to equal to its Taylor series.
Notice 5. Taking the limy .. of both sides in equation (3), we see that

sy = L) oy
n=0

« the sum keeps on going and going .
if and only if

A}im Ry(z) = 0.
Recall 6. limy_,,. Ry(z) = 0 if and only if limy ., |[Ry(z)] = 0.
So 7. 1f

Jm |Ry(@)] = 0
then o ta)

" (
s = S gy
n=0 B

So we basically want to show that (4) holds true.

Definition
z=x+1iy
i=y—=1; x=Re(z); y=

Come(e.s- +*+
Im(z)

Algebra
1= Xy Hiyy Zp =X iy,

2y 12, = (X, %) +i(y; T y,)
= V1y2) +i(Xy; +X,¥5)

z_ (aXp Y1Y2) + I(X2Y1
2] X3 +y3

2,2, = (XX,

V2X1)

Modulus: |z|
z=x+iy= |z| = yx2 +y?2

Properties
|z| = |~z| = |z| = |-Z|
|z| = +Re(z) & Im(z) =0
|z]| = +Im(z) < Re(z) =0

1212;| = |2, 1|2,

z, and z; are on the same side of 0

|2y = 25| 2 ||24] = |2, ]|

Equality holds when 0,7,,and z; are collinear and

Z, and z, are on the same side of 0
Conjugate: Z

z=x+iy=>Z=x—1iy

Properties




